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Abstract. In this paper we will compare the connectivity dimension c(P/7) of 
an ideal I in a polynomial ring P with that of any initial ideal of I. Generalizing 
a theorem of Kalkbrener and Sturmfels [18J . we prove that c(P/LT -<(/)) > 
min{c(P/7), dim(P//) — 1} for each monomial order -<. As a corollary we have 
that every initial complex of a Cohen-Macaulay ideal is strongly connected. 
Our approach is based on the study of the cohomological dimension of an ideal 
a in a noetherian ring R and its relation with the connectivity dimension of 
R/a. In particular we prove a generalized version of a theorem of Grothendieck 
|10) . As consequence of these results we obtain some necessary conditions for 
open subscheme of a projective scheme to be afhnc. 



Introduction 

All rings considered in this paper are commutative with identity. Moreover, 
throughout the paper, we use the following notation: 

(a) R is a noetherian ring; 

(b) a C R is an ideal of R; 

(c) P = k[xi,. .. ,x n ] is a polynomial ring in n variables (with k an arbitrary 
field); 

(d) I CP is an ideal of P. 

With a slight abuse of terminology in the following we say that I is Cohen- 
Macaulay to mean that P/I is a Cohen-Macaulay ring. Given a monomial order 
-< on P we will denote by LT^(I) the initial ideal of I with respect to -<• A main 
theme in Grobner bases theory is to compare I and LT^(7). In this direction a 
theorem, due to Kalkbrener and Sturmfels ([HI Theorem 1]), asserts that if I is 
a prime ideal, then P/LT_<(-0 is equidimensional, solving a conjecture of Kredel 
and Weispfenning (see P33). Moreover, if k is algebraically closed, Kalkbrener and 
Sturmfels proved also that P/LT^(J) is connected in codimension 1, opening up 
a new line of research. In light of these results it is natural to ask, for example, 
weather LT^(J) has some special features when I is Cohen-Macaulay. To answer 
this question we generalize in Theorem 12.51 the result of Kalkbrener and Sturmfels 
by comparing the connectivity dimension of P/I with that of P/LT^(J). Our 
result is characteristic free and holds also for non algebraically closed fields. As a 
corollary we obtain: 

Corollary 12. 13T Assume that I is Cohen-Macaulay. Then P/LT_>(J) is connected 
in codimension 1. 

To prove these statements we follow the approach of Huneke and Taylor jTTl 
Appendix 1], which makes use of local cohomology techniques. In particular we 
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generalize some of the ideas contained in the appendix written by Taylor. But 
of course we have to refine these ideas to obtain a stronger result. Among other 
things, we need also Grothendieck's Connectedness Theorem (see Grothendieck [10, 
Expose XIII, Theoreme 2.1] or Brodmann and Sharp [3, Theorem 19.2.9]) which 
asserts that if R is local and complete, then 

c(R/a) > min{c(i?), sdimi? — 1} — ara(o) 

where c(-) stands for the connectivity dimension, sdim(-) for the subdimension and 
ara(-) for arithmetical rank, see Section [T] for the definitions. 

Since ara(a) is bounded below by the cohomological dimension cd(R, a) of a , it is 
natural to ask whether the Connectedness Theorem holds also with ara(o) replaced 
by cd(i?, a) . We prove in Theorem 11.61 that this is indeed the case. As a corollary 
we will recover a theorem of Hochster and Huneke [T5[ Theorem 3.3]. 
Theorem 11.61 also appears in the paper of Divaani-Aazar, Naghipour and Tousi 
Theorem 2.8]. However, when we wrote this paper, we were not aware of their 
result. We illustrate a relevant error in [5J Theorem 3.4] in Remark 11.81 

In Subsection 11.21 we present versions of our results for positively graded k- 
algebras (see Theorem l 1 . 1 51 and Corollarv ll.l7p . and for local rings satisfying Serre's 
condition S2 (Proposition 1 1 . 13"]) . 

In Subsection 11.31 we obtain some results in the context of projective schemes 
over a field, studying the cohomological dimension of their open subschemes. In 
particular, we give some new necessary conditions for the affineness of these open 
subschemes. To this aim, we use the results of Subsection 11.21 and the Serre- 
Grothendieck correspondence. 

As a consequence of the main result we establish the Eisenbud-Goto conjecture 
for a new class of ideals (Remark I2.9[) . those which do not contain a linear form, 
are connected in codimension 1 and have a radical initial ideal. 

Finally, in the last subsection, we generalize and strengthen a result of Hartshorne 
([12|). which asserts that a Cohen-Macaulay local ring is connected in codimension 
1 (Proposition EUJ and Corollary 1232]) , 

This paper is an outcome of the author's master thesis written under the supervi- 
sion of Aldo Conca. We thank him for many helpful suggestions and conversations. 

1. On connectivity and cohomological dimension 

In this section we use some techniques of local cohomology: for the basic defini- 
tions, properties and results consult Grothendieck's lectures [TT] or [3J. 

For an i?-module M let H l a (M), igN, denote the ?-th local cohomology module 
of M with respect to a. An interesting integer related to these local cohomology 
modules is 

cd(M, a) := sup{i e N : H % a (M) ^ 0}. 
called the cohomological dimension of a with respect to M. 
We have the bounds 

ht A /(a) < cd(M, a) < dim M 

where htjw(o) := min{dimM p : p D a}. 

Moreover, it is well known that, for all i?-modules M, we have 

cd(R, a) > cd(M, a). 

Hence we call cd(i?, a) the cohomological dimension of a. 
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A numerical invariant of a related to its cohomological dimension is 
ara(a) := min{r £ N : exist ft,..-,f r £ R such that \/a = y[Ji, ■ ■ ■ , f r )} 
called the arithmetical rank of a; we have 

ara(a) > cd(i?, o). 

Let b be an ideal of R, and x € R an element of R. There are two interesting 
exact sequences: the first is the Mayer- Vietoris sequence 

■ • ■ — KnlW — > Hi +b (M) — > Hl(M) HUM) 

(1) — »flj ni (M) — ^(AO— 
and the second is 

. . . — » flj-^Mx) — K +(X) {M) — > H l a {M) 

(2) — — > Jj£} x) (M) — » . . . 

As we have anticipated, we divide this section in three subsections: in the first 
subsection we prove the stronger version of Grothendieck's result; in the second 
subsection we analyze this result in more concrete cases, for example when R is a 
positively graded fc-algebra; in the third subsection we gives the previous results in 
the language of algebraic geometry. 

1.1. A stronger version of the Connectedness Theorem. We begin by re- 
viewing the definition of connectivity dimension of a ring. Let T be a noetherian 
topological space; the connectivity dimension c(T) of T is defined as the integer: 

c(T) := minjdimZ : Z C T, Z is closed and T\Z is disconnected} 

with the convention that the emptyset is disconnected of dimension — 1. If, for a 
positive integer d, c(T) > dim(T) — d we say that T is connected in codimension 
d. Notice that this definition is slightly different from that given in [12]; however 
in the case which we examine in this paper, thanks to the fact that we deal with 
catenary rings, the two notions are the same. 

For an i?-module M, we write c(M) instead of c(Supp(M)). For more details about 
this definition we refer to [3l Chapter 19]. 

A notion related to connectivity dimension is the subdimension, sdimT, of a 
non-empty noetherian topological space T: it is defined as the minimum of the 
dimensions of the irreducible components of T. Again, for an i?-module M, we 
write sdimM instead of sdim(Supp(M)). 

Remark 1.1. We state an elementary result which better explains the concept of 
connectivity dimension. 

For a noetherian topological space T, the following are equivalent: 

(1) c(T) > d; 

(2) for each X" and T", irreducible components of T, there exists a sequence 
T" = To , T\ , . . . , T r — T" such that Tj is an irreducible component of T for 
all i = 0, . . . , r and dim(T i n > d for all j = 1, . . . , r. 

The condition in (2) is the characterization of connectivity dimension used in [18j . 

The Connectedness Theorem, whose a proof can be found in [10j Expose XIII, 
Theoreme 2.1] or in [3, Theorem 19.2.9], follows: 
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Theorem 1.2. (Grothendieck's Connectedness Theorem). Let (R, m) be complete 
and local. Then 

c(R/a) > min{c(i?), sdimi? — 1} — ara(a) 

So it is natural ask weather the inequality of the above theorem still hold with 
ara(a) replaced by cd(i?, a). As we show below in Theorem [L6j the answer to the 
above question is affirmative. To prove Theorem 1 1.61 we follow the lines of the proof 
of [3l Theorem 19.2.9], underlining the necessary changes. 

We first prove a proposition which relates the cohomological dimension of the 
intersection of two ideals with the dimension of their sum (corresponding to [3l 
Proposition 19.2.7]). 

Proposition 1.3. Let (R, m) be a complete local domain and let b be an ideal of 
R. Assume that min{dimi?/a, dim R/b} > dim R/(a+ b). Then 

cd(i?, a n b) > dim R - dim R/(a + b) - 1 

Proof. Set n := dimi? and d :— dimi?/ (a + b), and we induct upon d. If d = we 
consider the Mayer- Vietoris sequence, Equation (1), 

• • • — > H^bW — HZ+bW — H a(R) © H£(R) — > . . . 
Since R is a complete domain and since dimi?/ a > and dimi?/b > we can 
use the Hartshorne-Lichtenbaum theorem (see [3J Theorem 8.2.1]) to deduce that 
H£(R) = Hg(R) = 0. Moreover, since d = 0, VaTb = m, so we have H£ +b (R) ^ 
(see [3 Theorem 6.1.4]). Then we must have H^{R) ^ 0, hence cd(R, a n b) > 
n- 1. 

Let, now, d > 0. The difference between our proof and that in [3l Proposition 
19.2.7] is in this step. 

We can choose x G m, x not in any minimal prime of a, b and a+ b. Then let a' := 
a+ (x) and b' := b + (x). From the choice of x follows that dimi?/ (a' + b') = d — 1, 
dimi?/o' = dim R/a — 1 > d — 1 and dim R/b' = dimi?/b — 1 > d — 1; hence by 
induction we have s := cd(R, a' n b') > n — tf. 

Since y'afl b + (i) = V a' n b', then H l a , nb ,(R) = H l anb+{x) {R) for all i £ N, so 
in this case the exact sequence in Equation (2) becomes 

■ • • > #anb * H a'nb'( R ) * H anb( R ) > • ■ • 

We have H°, nb ,(R) ^ 0, hence H° nb (R) f or H s a ^(R x ) f 0, so cd{R, a n b) > 
s — 1 >n— d— 1 . 

□ 

Our goal, now, is to generalize Proposition 1 1 . 31 to the case when i? is not neces- 
sarily a domain. 

To this purpose we need the following useful lemma. 

Lemma 1.4. Let T be a non-empty noetherian topological space. 

(a) For r G N, denote by S(r) the set of all ordered pairs (A, B) of non-empty 
subsets of {1, ... ,r} for which A U B = {1, . . . , r}; if T\, . . . , T r are the 
irreducible components of T, then 

c(T) - min{dim((U ieA T i ) n (UjesTj) : (4,5) e 5(r)} 

(b) c(T) < sdimT. Moreover, if T has finite dimension, equality holds here if 
and only if T is irreducible. 
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A proof of (a) can be found in Lemma 19.1.15] and a proof of (b) can be 
found in [3l Lemma 19.2.2]. Now we are ready to generalize Proposition II. 31 

Proposition 1.5. Let (i?, m) be complete and local and b an ideal of R. Assume 
that min{dim i?/a, dim R/b} > dim i?/(a + b). Then 

cd(i?, a n b) > min{c(i?), sdim R - 1} - dim R/(a + b) 

Proof. Set d :— dim R/(a + b), and let pi, . . . p n be the minimal primes of R. 

We first assume that for all i S {l,...,n} we have dimi?/(a + pi) < d or 
dim R/(b + pi) < d. After a rearrangement we choose s :— sup{i G {1, . . . , n} such 
that dimi?/(a + pi) < <i for all i < t}. Notice that 1 < s < n — 1, since we have 
maxjdimi?/ (b + pk) ■ k £ {1, . . . . n}} = dimi?/b > d and max{dimi?/(a + pu) ■ 
k G {1, . . . , n}} = dim R/a > d; hence ({1, . . . , s}, {s + 1, . . . , n}) E S(n) (with the 
notation of Lemma ri.4[) . We define the ideal of R 

K := (pi n . . . n p s ) + (ps+i n . . . n p„) 

and let p be a minimal prime of K such that dimi?/p = dim R/K. By Lemma 
11.41 (a), dimi?/p > c(R). Moreover, since there exist i 6 {l,...,s} and j £ 
{s + 1, . . . , n} such that pi C p e pj C p, we have 

dim i?/(a + p) < dim R/(a+ pi) < d 

dimR/(b + p) < dimi?/(b + pj) < d. 
The injection R/((a + p) n (b + p)) ^ i?/(o + p) i?/(b + p) implies dim(i?/((a + 
p) n (b + p))) < d and since ^/(a + p) n (b + p) = y/ (a n b) + p, we have 

dim i?/((o n b) + p) = dim i?/((a + p) n (b + p)) < rf. 

But R/p is catenary, (see the book of Matsumura, [22l Theorem 29.4 (ii)]), then 

dimi?/((an b) + p) = dim R/p - ht((aH b) + p)/p) 

and hence 

ht((on b) + p)/p) >c(R)-d. 

So cd(i?/p, ((afl b) + p)/p) > c(R) — d, and using the Independence Theorem ([3l 
Theorem 4.2.1]) 

cd(i?, a n b) > cd(i?/p, ((a n b) + p)/p) > c(i?) - d. 

Now we discuss the case where there exists i E {1, . . . , n} such that dimi?/ (a+pi) > 
d and dimi?/ (b + pi) > d. We use the Proposition 1 1.3[ considering Rj pi as R, and 
(a+ pi)/ pi and (b + pi) /pi as a and b. Then 

d > dim R/p, - cd(i?/pi, ((a + pi) n (b + p,))/pi) - 1- 

But cd(i?/p,, ((a+ pi) n (b + Pi))/pi) = cd(i?/pi, ((an b) + p l )/p i ) < cd(R, an b), 
and obviously dimi?/ pi > sdimi?, hence 

d > sdimi? - 1 - cd(i?, an b). 

□ 

Finally we are able to prove the stronger version of Connectedness Theorem. 
Theorem 1.6. Let (i?, m) be complete and local. Then 

c(i?/a) > min{c(i?), sdimi? - 1} - cd(i?, a) 
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Proof. Let pi, . . . ,p n be the minimal primes of a and set c := c(R/a). 

If n = 1, then c = dim R/ pi. Let p be a minimal prime of R such that p C pi. 
Using the Independence Theorem we have cd(i?, pi) > cd(R/p, pi/p) > ht(pi/p). 
Since R/p is catenary 

c = dimi?/pi = dim R/p — ht(pi/p) > sdimi? — cd(i?, pi) = sdimi? — cd(i?, a). 
If n > 1, let (A, B) e S(n) be a pair such that 



Call J := Di^Api and /C := Hj^BPj- Then dimR/J > c and dimi?//C > c. 
Proposition 11.51 implies 

c = dim R/{J + IC) > min{c(i?), sdimi?- 1} -cd(R,jnfC) 

and since y/a — J n JC the theorem is proved. 



By Theorem 11.61 and the fact that ara(a) > cd(i?, a) we immediately obtain the 
Connectedness Theorem 1 1.2 1 

Moreover, from Theorem 1 1 . 61 follows also a theorem, proved in [TBI Theorem 3.3], 
which generalizes a result of Faltings given in [8] . See also Schenzel O Corollary 



Corollary 1.7. (Hochster-Huneke). Let (R, m) be a complete equidimensional lo- 
cal ring of dimension d such that H^(R) is an indecomposable R-module. Then 
c{R/a) > d— cd(R, a) — 1. In particular, ifcd(R,a) <d—2 the punctured spectrum 
Spec(i?/a) \ {m} of R/a is connected. 

Proof. [TBI Theorem 3.6] implies that c(R) > d— 1, so the thesis is a consequence 
of Theorem 1 1.61 For the last statement we only have to observe that c(Spec(i?/ a) \ 



Remark 1.8. In [SJ Theorem 3.4] the authors claim that Corollary 11.71 holds with- 
out the assumption that H^(R) is indecomposable. This is not correct; indeed the 
converse of Corollary 11.71 is true. That is, if R is a complete equidimensional ring 
of dimension d and if c(R/b) > d — cd(i?, b) — 1 holds for all ideals b C R, then 
taking b = it follows that R is connected in codimension 1. This implies, by [TBI 
Theorem 3.6], that H^(R) is indecomposable. 

An explicit counterexample to Theorem 3.4] and to [5] Corollary 3.5], is given 
by R — k[[x, y, u, f]]/(iti, xv, yu, yv), M = R and a the zero ideal. The minimal 
prime ideals of R are (x 7 y) and (tt, v), so R is a complete equidimensional local 
ring of dimension 2. By part (a) of Lemma 11.41 we obtain c(R) = 0, which is a 
contradiction to the cited results. 

Remark 1.9. If (R, m) is complete and local and M is a finitely generated R- 
module, we have 



by the following argument: we can consider the complete local ring S :— R/(0 :_r 
M). Then we easily have c(M/aM) = c(S/aS), c(M) = c(S) andsdimAf = sdmiS. 
Moreover, by [5[ Theorem 2.2], or [M[ Lemma 2.1], we have 




□ 



5.10]. 



{m}) = c(R/a) - 1. 



□ 



c(M/oM) > min{c(M),sdimM - 1} - cd(M, a), 



cd(M, a) = cd(S, a) = cd(S*, aS) 
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and thus the result follows from applying Theorem 11.61 to S and aS. 

By Remark ll.9l and the part (b) of Lemma 1 1.41 we obtain the following corollary. 

Corollary 1.10. Let (R, m) be complete and local, and M a finitely generated 
R-module. Then 

c(M/aM) > c(M) - cd(M, a) - 1. 
Moreover, if M has more than one minimal prime ideal, the inequality is strict. 

1.2. Non complete case. Up to now, we have obtained a certain understanding 
of the connectivity in the spectrum of a noetherian complete local ring. In order 
to apply this knowledge to the graded case, we need two lemmas. We also obtain 
results on the connectedness for other noetherian local rings (Corollary 11.121 and 
Proposition 11.13]) . The reader can find the proof of the first lemma in [3l Lemma 
19.3.1]. 

Lemma 1.11. Assume that (R, m) is local. We denote with R the completion of 
R with respect to m. The following hold: 

(i) c(Rl> c(R); ^ 

(ii) if pR € Spec(i?) for all minimal prime ideals p of R, then equality holds 
in (i); 

The reason why we cannot extend Theorem 11.61 to non complete local rings is 
that the inequality (i) in Lemma ll. Ill may be strict. However for certain rings the 
above inequality is actually an equality (Corollary 11.121 and Theorem 1 1.1 5 1) . and for 
other rings this problem can be avoided (Proposition II . 13]) 

Corollary 1.12. Let (R,m) be an r-dimensional local analytically irreducible ring 
(i.e. R is irreducible). Then 

c(R/a) > r-cd(R,a) - 1. 

Proof. By point (i) of Lemma ll.lll we have c(R/a) > c(R/aR); moreover, by 
the Flat Base Change Theorem (see for example [3l Theorem 4.3.2]), H l ~{R) = 
H l a (R)®jiR for all i 6 N and since the natural homomorphism R — > R is faithfully 
flat, then cd(i?, a) = cd(i?, aR). Also, hypotheses imply c(R) = dim(i?), and it is 
well known that dim(i?) = dim(i?). Hence we conclude using Corollary 1 1.1 01 

□ 

Proposition 1.13. Let R be a r-dimensional local ring which is a quotient of a 
Cohen- Macaulay local ring, and assume that R satisfies Serre 's condition S2 ■ Then 

c(R/a) > r-cd(R, a) - 1. 

In particular if R is a Cohen- Macaulay local ring then c{R/a) >r — cd(i?, a) — 1. 

Proof. The completion of R, R, satisfies S2 as well as R (see [HJ Exercise 23.2]). 
Then 7? is connected in codimension 1 by Proposition 12.111 so, arguing as in the 
proof of Corollary 1 1.121 we conclude. □ 



In the following we say that R is a i?o-algebra finitely generated positively graded 
on Z if R = i?o[£i) • • • j 6-] with deg(^) a positive integer. 
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Lemma 1.14. Let Rq be a noetherian ring, and R a Ro-algebra finitely generated 
positively graded on Z. Let m = denote the irrelevant ideal of R, and R m the 
m-adic completion of R. Lf p is a graded prime of R, then pR m is a prime ideal of 
R m . 

Proof. We have only to note that, if p is a graded prime of R, then i?/p is a 
noetherian domain positively graded; so, since R m /pR m = (R/p) m , [T71 Lemma 
7.5] let us conclude. 

□ 

Now we prove a version of Theorem lf .61 in the case when R is a graded fc-algebra. 

Theorem 1.15. Let k be a field, and let R be a k-algebra finitely generated posi- 
tively graded on Z; then, if a is graded, 

c{R/a) > c(R) - cd(i?, a) - f. 
Moreover, if R has more than one minimal prime ideal, the inequality is strict. 

Proof. Let m be the irrelevant ideal of R. Using part (i) of Lemma Tl.lf I we have 

(3) c(R m /aR m ) > c(Rj^R m ) = c(i^/^)- 

Moreover, from Lemma 11.141 follows that for all p S Spec(i? m ) minimal prime of 
-Rm, pRm S Spec(i? m ) (since a minimal prime of R is graded, as the reader can see 
in the book of Bruns and Herzog [4j Lemma 1.5.6 (b) (h)]), then we can use part 
(ii) of Lemma Tl. Ill to assert 

(4) c(R m )=c(R m ). 
Besides, as in the proof of Corollary 1 1.1 21 we have 

(5) cd(R m , aR m ) = cd(R m , aR m ). 
From (3), (4) and (5) and Corollary 1 1 . 101 follows that 

(6) c(R m /aR m ) > c{R m ) - cd{R m ,aR m ) - 1. 

All minimal primes of R and a are graded, so they are contained in m, hence by 
point (a) of Lemma fl~4l c(i?) = c(R m ) and c(R/a) = c(R m /aR m )- Therefore, since, 
by the Flat Base Change Theorem, cd(i? m , aR m ) < cd(R, o), we have 

(7) c(R/a) > c(R) - cd(R, a) - 1. 

Moreover, if R has more than one minimal prime ideal, also R m and R m are such, 
so the inequality in (6), and hence that in (7), is strict. □ 

Remark 1.16. Proceeding in a similar way as in Remark 1 1.91 we can deduce from 
Theorem II . 151 the following more general fact. 

Let A: be a field, R a fc-algebra finitely generated positively graded on Z and M 
a Z-graded finitely generated i?-module; then, if a is graded, 

c(M/aM) > c(M) - cd(M, a) - 1. 

Moreover, if M has more than one minimal prime ideal, the inequality is strict. 

To prove this we only have to note that :r M C R is a graded ideal ([U Lemma 
1.5.6]). 

Remark 11.161 implies easily the following corollary. 
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Corollary 1.17. Let k be a field, R a k-algebra finitely generated positively graded 
and M a It-graded finitely generated R-module; then, if a is graded, 

c(Proj(i?) n Supp(M/oA/)) > c(Proj(i?) n Supp(Af)) - cd(M, a) - 1. 
Moreover, if M has more than one minimal prime ideal, the inequality is strict. 

1.3. Cohomological dimension of open subschemes of projective schemes. 

In this Subsection we give a geometric interpretation of the results obtained in the 
Subsection 11.21 

Given a projective scheme X over a field k and an open subscheme U , our 
purpose is to find necessary conditions for which the cohomological dimension of U 
is less than a given integer. 

We recall that the cohomological dimension of a noetherian scheme X, written 
cd(X), is the smallest integer r > such that: 

W{X,T) = 

for all i > r and for all quasi-coherent sheaves T on X (the reader can see [14] for 
several results about the cohomological dimension of algebraic varieties) . 

By a well known result of Serre, there is a characterization of noetherian affinc 
schemes in terms of the cohomological dimension: a noetherian scheme X is affinc 
if and only if cd(X) = (see Hartshorne [HI Theorem 3.7]). Hence, as a particular 
case, in this Subsection we give necessary conditions for the affineness of an open 
subscheme of a projective scheme over k. This is an interesting theme in alge- 
braic geometry, and it was studied from several mathematicians (see for example 
Goodman |9J, Hartshorne [15] or Brenner [2]). 

For example, it is well known that, if X is a noetherian separated scheme, U C X 
an affine open subscheme and Z — X \ U, then every irreducible component of Z 
has codimension less or equal to 1 (see [2] Proposition 2.4] or, for the particular 
case in which X is a complete scheme, [151 Chapter II, Proposition 3.1]). 

In light of this result it is natural to ask: what can we say about the codimension 
of the intersection of the various components of Z? To answer this question we 
study, considering a projective scheme X over a field k, the connectivity dimension 
of Z. 

Our discussion is based on a well known result, which relates the cohomology 
functors of the global sections with the local cohomology functors. This result is 
known as the Serre-Grothendieck correspondence: let X be a projective scheme 
over a field k. In this case, X = Proj(i?) where R is a graded finitely generated 
fc-algebra. Let Z — V+(o) (where a is a graded ideal of R), U = X\Z, M a graded 
R- module and T = M the associated quasi-coherent sheaf on X. Then there are 
the isomorphisms 

(8) H*(U, T(m)) = H l a +1 {M) for all i > 0. 

The reader can find this result in [3] Theorem 20.3.15 and Remarks 20.2.16(iv)]. 
The following is the main result of this subsection. 

Theorem 1.18. Let X be a projective scheme over a field k, U C X an open 
subscheme and Z = X \ U . If cd(f7) < r, then c(Z) > c{X) — r — 2, where the 
inequality is strict if X is reducible. 
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Proof. Let X = Proj (R) with R a graded finitely generated fc-algebra, and let a be 
the graded ideal which determines Z. By hypothesis we have H l (U,Ox(rn)) = 
for all i > r and for all m G Z. Then, since Ox = R, from the Serre-Grothendieck 
correspondence (8) it follows that cd(i?, o) < r + 1. Hence from Corollary 1 1.1 71 

c(Z) >c(X)-r-2. 

Moreover, again from Corollary 11.171 if X is reducible, the inequality is strict. □ 

From Theorem II .181 we can immediately obtain the following corollaries. 

Corollary 1.19. Let X,U,Z be as in Theorem \ 1.1 81 If U is affine, then c{Z) > 
c{X) — 2, where the inequality is strict if X is reducible. In particular, if X is 
connected in codimension 1 (for example, X irreducible or X Cohen- Macaulay (see 
Corollary \2. lSHjl ) and codim(Z, X) = 1, then Z is connected in codimension 1. 

Proof. By the affineness criterion of Serre cd(C/) = 0, so we conclude by Theorem 
IP51 □ 

Corollary 1.20. Let X be a projective scheme over k of dimension r and connected 
in codimension 1. Let U be an open subscheme of X such that cd(£7) < r — 2. Then 
X \ U is connected. 

Corollary 1 1.201 is well known for X irreducible, see Badescu [1] Theorem 7.6]. 

Remark 1.21. If X = P r Hartshorne showed (see [HI Theorem 3.2 p. 205]) that 
the viceversato Corollarv ll. 201 holds, i. e. if F r \U is connected then cd(U) < r — 2. 
However the viceversa to Theorem ll,18l is far from be true also if X is the projective 
space: for instance let C be a smooth projective curve of positive genus over C, 
and Z the Segre product Z = C x P n C F N . Then U Y {Z,O z ) + by Kiinneth 
formula for coherent algebraic sheaves (see the paper of Sampson and Washnitzcr 
[231 Theorem 1]), so cd(P 7V \ Z) > N - 2 by pS, Corollary 7.5]. However Z is an 
irreducible smooth scheme. 

Example 1.22. Let R = k[x, y, z, v, w]/(xyw — zvw) and a = (l^,xv,yz,yv) — 
Pi n p 2 , where pi = (x,y) and p 2 = (z,v). 

Furthermore, set X = Proj(i?), Z = V+(a) and U — X \ Z . Our aim is to prove 
that U is not affine. 

It is clear that ht(pi) = ht(p2) = 1, so U may be affine. However, X is a complete 
intersection o/P 4 , so, using Corollary \1.17\ X is connected in codimension 1. But 
ht(pi + P2) = 3, then c(Z) — by Lemma \1.4\ so, by Corollarv ll. 19\ we conclude 
that U is not affine. 

2. Connectivity of the initial ideal 

In this section we prove Corollary |2. 131 given in the Introduction. More generally, 
we compare the connectivity dimension of P/I with the connectivity dimension 
of Pj in w (/) , where in w (/) denotes the initial ideal with respect a weight vector 

lj e (z+)" of /. 

In the proof given here we do not need to assume that the field k is algebraically 
closed. Moreover, in their paper, Kalkbrener and Sturmfels first prove the result 
for the weight vector u> = (1, 1, ... , 1), assuming that in w (J) is a monomial ideal: 
one key step in their approach is the Fulton-Hanson Connectedness Theorem ([3j 
Corollary 19.6.8]), which forces them to assume k algebraically closed. Then they 
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use this case to prove their result for an arbitrary monomial order ( \18\ Theorem 
1]). Finally, they complete the proof for arbitrary weight vectors (p~8l Theorem 2]). 

In our proof, instead, we prove directly a more general result (Theorem 12.51) for 
arbitrary weight vectors. To this purpose, as it is clear from the above discussion, 
we need the notion of initial ideal with respect to a weight vector. 

Let u> = (u>i, ...,u> n ) £ N n . Given an element / ^ in the polynomial ring 
P, we consider the polynomial f(t Ul X\, . . . , i"™i£ n ) £ P[t], and we call in^(/) its 
leading coefficient. Note that in w (/) £ P is not necessarily a monomial. For an 
ideal / of P, set 

in^J) := ({m u (f):f£l,f^0}) 

where (A) denotes the ideal generated by elements of the set A. 

For a monomial order -< we say that lo represents -< for the ideal / if LT^ (/) = 
in u (J). The reader can find the proof of the following useful result in the book of 
Sturmfels ([23 Proposition 1.11]). 

Theorem 2.1. Given a monomial order ~< in P, there exists ui £ (Z+) n which 
represents -< for I . 

In light of Theorem 12. 1[ to our purpose we can study, given an ideal, its initial 
ideals with respect to weight vectors. 

Now we need some results about homogenization and dehomogenization of ideals 
of a polynomial ring. Many of them are part of the folklore, however we state them, 
with our language, for the convenience of the reader. These topics can be found in 
[17] or in the book of Kreuzer and Robbiano [20] Chapter 4, Section 3]. 

Let uj £ W 1 and / £ P: we define the w-degree of / the positive integer 

deg w / := max{u • a : x a is a term of /}. 

We consider the polynomial u f £ P[t], where t is an independent variable, defined 
as: 

"/(*!,...,*»,*) :=f(^,...,^)t d ^ f . 

We call u f the w-homogenization of /. 

Moreover, we call the w-homogenization of / the following ideal of P[t]: 

u i ■■= ({7 : / e /}). 

Note that U I is indeed a graded ideal of the polynomial ring k[xi, . . . ,x n ,t] with 
the grading (which we call w-graduation) defined as: dega^ = LUi for alH = 1, . . . ,n 
and degt = 1. 

We can define an operation of dehomogenization: 

7T : P[t] ► P 

F(xi, . . . ,X n ,t) F(xi, ...,x n ,l) 

Note that it, in spite of the homogenization's operation, is a homomorphism of 
fc-algebras. 

Now we present some easy, but very useful, remarks: 

Remarks 2.2. Let weN". Then 

(1) for all f £ P we have tt(7) = /; 
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(2) let F G P[t] be an homogeneous polynomial (with respect to the (^-graduation) 
such that F <£ (t). Then "(tt(P)) = F; moreover, for all I G N, if G = t l F 
we have u (ir(G))t l = G; 

(3) if F G "7, then tt(P) G 7; in fact if F G "7 there exist f u . . . , f m G 7 and 
n, . . . , r m G P[i] such that F = YliLi r i w fii an d hence by part (1) 

m m 

tt(F) = J^TrCriX/O = 5>(ri)/< G /; 

i=l i=l 

(4) iau(I)P[t] + (t) = "7 + (t). In particular, since in w (/)P[t] is generated by 
polynomials in P, we have P[t]/( U I + (*)) = P/in w (7). 

Now we introduce two elementary but fundamental lemmas 

Lemma 2.3. Let oj G N" and J and J £wo ideals of P. Then 

(1) "(/ nJ) = u /n "J; 

(2) 7 is prime if and only if "7 is prime; 

(3) -(VI) = V%- 

(4) 7 = J i/ and only if "7 = "J; 

(5) pi, . . . , p a are the minimal primes of I if and only if "pi, . . . ,"p s are the 
minimal primes of "7; 

(6) dimP/7 + 1 = dimP[t]/"7. 

Proof. For (1), (2) and (3) see (2Ql Proposition 4.3.10]; for (2) see also [T7|, Lemma 
7.3,(1)] 

(4) . This follows easily from points (1) and (3) of Remarks 12.21 

(5) . If pi, . .. , p s are the minimal primes of 7, then n| =1 pi = \fl. So (1) and 
(3) imply nf =1 "pi = y/^I. Then part (2) implies that all minimal primes of "7 are 
contained in the set {"pi, . . .,"p s }. Moreover, by point (4) all the primes in this 
set are minimal for "7. 

Conversely, if "pi, . . . ,"p s are the minimal primes of "7, then n| =1 "pi = \/"7. So 
from (1) and (3) follows that w (nf =1 pi) = "a/7; by part (4) nf =1 p t = Vl, so using 
(2) we have that all the minimal primes of 7 are contained in the set {pi, . . . , p s }- 
Again using (4), the primes in this set are all minimal for 7. 

(6) . This was proven in [171 Lemma 7.3, (3)] when G w (7) is a monomial ideal. 
With a different argument we obtain the general statement: if po £ pi £ • ■ ■ £ pd 
is a strictly increasing chain of prime ideals such that 7 C p , then, by (2) and (4) 
"po £ u pi £ • ■ ■ £ u pd £ (xi, ■ ■ ■ ,X n> t) is a strictly increasing chain of prime ideals 
such that "7 C "p , so dimP[t]/"7 > dimP/7 + 1. Similarly ht("7) > ht(7) and we 
conclude using the fact that a polynomial ring over a field is catenary. □ 

Lemma 2.4. Let uj G N n . Then 

c(P[i]/"7) > c(P/7) + 1. 

Proof. Let pi, . . . , p% be the minimal prime ideals of 7. By Lemma 11.41 (a), we can 
choose (A, B) G S{k) such that, setting J :— (li^Api and JC := Dj^Bpj, 

c(P/7) = dimP/{J + K). 

From Lemma [2.31 (5) it follows that "pi, . . . ,"pfc are the minimal prime ideals of 
"7, and by point (1) of Lemma [231 we have "J7 = n ie A w Pi and "/C = r\j EB u Pj- 
Obviously, if 77, 7 C P are ideals of P, then "77 + "7 C "(77 + 7), hence, using 
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LemmaS (6), dim P[t]/( U H + W L) > dimP[i]/( w (77 + L)) = dimP/(77 + L) + 1. 
Hence 

c(P[t]/ u I) > dim P[t]/(" J + u tC) > dimP/(J + K) + 1 = c(P/I) + 1, 

so we are done. □ 

Finally, we are able to prove the main result of this paper. 

Theorem 2.5. Let to e (Z+)". Then 

c(P/m4l))>c(P/I)-l. 

Moreover, if I has more than one minimal prime ideal, the inequality is strict. 

Proof. Note that P[t]/"I is a finitely generated and positively graded fc-algebra 
and ( w 7 + {t))/ u I C P[i]/"7 is a graded ideal of P[t]/ w I (considering the w-grading). 
Hence we can use Theorem 1 1.1 5[ and deduce that 

(9) c(p[tyn + ( t ))) > C {p[t]H) - cd(p[t]n, (-/ + (*))/"/) - 1. 

Obviously ara(( w 7 + (i))/ w 7) < 1, so cd(P[i]/ w 7, ( w 7 + < 1. Hence 

(10) c(P[t]/r/+(t)))>c(P[*]/ w /)-2. 

By LemmallOlwe have c(P[t]/"7) > c(P/7) + l, and by the point (4) of the Remarks 
I2TZ1 we have that P[t]/( w 7 + (*)) = P/ in w 7, so 

(11) c(P/in w (7))>c(P/7)-l. 

Moreover, if 7 has more than one minimal prime ideals, also "7 has (point (5) of 
Lemma [2~3|l . then inequalities in (9), in (10) and in (11) are strict. □ 

Corollary 2.6. (Kalkbrener and Sturmfels). Let lo € (Z+)". 7/7 is a prime ideal, 
then P/in w (7) is connected in codimension 1. 

Proof. If 7 is prime then c(P/7) = dimP/7. So Theorem 12 . 51 implies the statement. 

□ 

Remark 2.7. Theorem 12.51 and Theorem 12.11 imply that if 7 has more than one 
minimal prime then for all monomial orders -< 

c(P/LT^(7))>c(P/7). 

In general this inequality is strict. In fact, for all graded ideals 7 C P and for all 
monomial orders -< there exist a non-empty Zariski open set U C GL(n, k) and a 
Borel-fixed ideal JCP such that LT^ (g(I)) = J for all g G [/. The ideal J is called 
the generic initial ideal of 7, see Eisenbud [H Theorem 15.18, Theorem 15.20]. It 
is known that, since J is Borel-fixed, yJ = (x\, . . . , x c ) where c is the codimension 
of 7, see [6l Theorem 15.23]). Hence c(P/J) = dimP/J = dimP/7. But 7 can also 
be chosen in such a way that c(P/7) is smaller than dimP/7. 

Remark 2.8. Sometimes, Theorem 12.51 can be used to give upper bounds for the 
connectivity dimension of an ideal of P. In fact, if B C P is a monomial ideal, the 
connectivity dimension of P/B is simple to calculate, since the minimal prime ideals 
of B are easy to find and are generated by variables. So we can use characterization 
of Remark ll.ll to calculate the connectivity dimension of P/B. For example, if 7 is 
a graded ideal such that dim(Proj(P/7)) > 1, and there exists a monomial order -< 
such that c(P/LT^(7)) = 0, then Proj(P/7) is disconnected. 



14 Grobner deformations, connectedness and cohomological dimension 

Remark 2.9. By Theorem 12.51 follows that the Eisenbud-Goto conjecture is true 
for a certain class of ideals: in their paper [7], Eisenbud and Goto conjectured that 
if p C P is a graded prime ideal which does not contain linear forms, then 

reg(P/p) < e(P/p) - ht(p) 

where reg(-) means the Castelnuovo-Mumford regularity, and e(-) means the multi- 
plicity. More generally, the inequality is expected to hold for radical graded ideals 
which are connected in codimcnsion 1 and do not contain linear forms. In his 
paper [26( Theorem 0.2], Terai proved the conjecture for (radical, connected in 
codimension 1) monomial ideals. It is well known that, if / is graded, for any 
monomial order -< we have reg(P/7) < reg(P/LT^(J)), e(P/7) = e(P/LT x (/)) 
and ht(I) = ht(LT^(/)). Hence from the above discussion and by Theorem 12.51 
we have that the Eisenbud-Goto conjecture holds for ideals which do not contain 
linear forms, are connected in codimension 1, and have a radical initial ideal. 

2.1. The initial ideal of a Cohen-Macaulay ideal. A result of Hartshorne [T^] 
(see also [6l Theorem 18.12]), asserts that a Cohen-Macaulay ring is connected in 
codimension 1. Combining this with Theorem l2.5l it follows that the initial ideal of 
a Cohen-Macaulay ideal is connected in codimension 1. We generalize Hartshorne's 
Theorem giving a formula of the connectivity dimension of a local ring as a function 
of its depth ( Proposition I2.l!j) : the proof of this is very similar to the proof of 
original Hartshorne's Theorem, but the more general version allows us to obtain a 
more precise result (Corollary I2.13[) . Moreover we observe that actually a Cohen- 
Macaulay ring satisfies a stronger condition than to be connected in codimension 1 
(Corollary 

We start with the following lemma. 

Lemma 2.10. Let (R,m) be local. Then 

dimP/a > depth(P) - depth(a, P). 

Proof. Set k :— depth(P), g := depth(a, P), and fx, . . . , f g € a an P-sequence; if 
J := (fx, ... , f g ) we must have a C DpeAss(R/J) Pi so there exists p £ Ass(P/J) 
such that a C p. 

Obviously depth(P/J) = k — g; moreover, using [22J, Theorem 17.2], we have 
dim P/p > k — g; but a C p dim P/o > dim Rj p > k — g, just end. 

□ 

Now we are ready to generalize Hartshorne's result. 

Proposition 2.11. Let (P,m) be a catenary local ring. Then 

c(P) > dcpth(P) - 1. 

Moreover, suppose that R satisfies Sk Serre's condition, k > 2. Then R is connected 
in codimension 1 and for every two minimal primes p and p' of R and for each 
prime ideal V 2 p + p' there exists a sequence p = pi, . . . , p s = p' such that 
dim Rj pi + dimP/pi + i > min{/c, ht(P)} — 1 and pj CP is a minimal prime of R 
for each i = 1, . . . , s — 1 and j = 1, . . . , s. 

Proof. We suppose that c(P) < depth(P) — 1, and look for a contradiction. 

Note that sdimP > depth(P) (O Theorem 17.2]). From this it follows that 
c(P) < dcpth(P) — 1 if and only if there exist two ideals, J and JC, of P, such 
that J n K. is nilpotent, \fj and VlC are incomparable, and dimP/(J r + K.) < 
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depth(i?) — 1. From the first two conditions, using the theorem of Hartshorne ([6l 
Theorem 18.12]), it follows that depth(J" + K,, R) < 1. Then, from Lemma l2~T0l we 
have &m\R/(J + JC) > depth(i?) — 1, which is a contradiction. 

Now suppose that R satisfies 5*2 condition. By contradiction, as above, let us 
suppose there exist two ideals J and JC of R, such that Spec(i?)\ V(J+fC) C JC\JC, 
\fj and VlC are incomparable, and dim7?/(J r + JC) < dimi? — 1. Then localize 
at a minimal prime p of J + IC: since ht(p) > 2 it follows by the assumption 
that depth(i? p ) > 2. But V(JR P ) and V(JCR P ) provide a disconnection for the 
punctured spectrum of R p , so c{R p ) = < depth(i? p ) — 1, contradicting the first 
part of the statement. 

For the last part of the statement suppose there exist two minimal prime ideals 
p and p' of R and a prime ideal p + p' for which the condition is not satisfied. 
Clearly the minimal primes of R-p are the minimal primes of R contained in V , so 
the conclusion follows by the previous part and by Remark 1 1.1 1 □ 

From the above proposition immediately comes the following corollary. 

Corollary 2.12. Let (R, m) be a Cohen- Macaulay local ring. Then, for any two 
minimal prime ideals p and p' of R and for each prime ideal V D p + p' there 
exists a sequence p = pi, . . . , p s = p' such that ht pi + ht pj+i < 1 and pj C P is 
a minimal prime of R for each i = 1, . . . , s — 1 and j = 1, . . . , s. In particular R is 
connected in codimension 1. 

It is easy to show that Proposition ^. 1 H and Corollarv l2 . 1 2l hold if R is a positively 
graded A:-algebra, too. So by Theorem 12.51 it follows immediately the answer to 
question of the introduction. 

Corollary 2.13. Let oj 6 (^+) n and I a graded ideal. Then 

c(P/in w (J))>depth(P/J)-l. 

In particular, ifP/I is Cohen- Macaulay, then P '/ in w (7) is connected in codimension 
1. 

The following is an example due to Conca. 

Example 2.14. Consider the graded ideal 

I — {xix§ + x 2 x 6 + x\, X\Xi + x\ — X4X 5l xf + Xix 2 ) C C[xi, . . . , x 6 ] =: P. 

One can verify that I is a prime ideal which is a complete intersection; in particular 
P/I is a Cohen- Macaulay domain of dimension 3. However the radical of the initial 
ideal of I with respect to the lexicographical order -< is 

^/LT^(I) = (xi,X 2 ,X 3 ) (X1,X3,X6) H (X1,X2,X 5 ) fl (lEl , X4, £5) 

and, albeit it is connected in codimension 1, P j \J LT^{L) is not Cohen- Macaulay. 
This can be seen considering p = (xi, x$, xe), p' — (xi, #4,0:5) and V = p + p' — 
(xi, X3, X4, X5, xg) ; and applying Corollary 1 2. l'A 

This example also provides an ideal I for which cd(P, I) < cd(P, LT^(I)): in fact 
cd(P, /) = 3 because I is a complete intersection of height 3, and cd(P, LT^(I)) = 
projdim(P/ ^/LT^(I)) > 3 where the equality follows by a result of Lyubeznik in 

EH- 
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Corollary 2.15. Let I be a graded ideal such that Proj(P/7) is connected (for 
instance depth(P/J) > 2) and -< a monomial order. Then 



depth(P/y/ LT^(I)) > 2. 

Proof. Theorem[13]implies that Proj (P/£T x (Pj) is connected. Then cd(P, LT^ (I)) 
< n - 2 by [HI Theorem 3.2, p. 205], and [2T] implies that depth (P/^/LT^ (I) ) > 
2. □ 



References 

[1] L. Badcscu, Projective Geometry and Formal Geometry, Birkhauser, 2004. 
[2] H. Brenner, On Superheight Condition for the AfRneness of Open Subsets, Journal of Algebra 
247, pp. 37-56, 2002. 

[3] M.P. Brodmann, R.Y. Sharp, Local Cohomology, Cambridge studies in advanced mathemat- 
ics, 1998. 

[4] W. Bruns, J. Herzog, Cohen-Macauiay Rings, Cambridge studies in advanced mathematics, 
1993. 

[5] K. Divaani-Aazar, R. Naghipour, M. Tousi, Cohomological Dimension of certain Algebraic 
Varieties, Proceedings of the American Mathematical Society, Volume 130, Number 12, pp. 
3537-3544, 2002. 

[6] D. Eisenbud, Commutative Algebra with a View Toward Algebraic Geometry, Graduate 

Texts in Mathematics, Springer, 1994. 
[7] D. Eisenbud, S. Goto, Linear free resolutions and minimal multiplicity, Journal of Algebra 

88, pag. 89-133, 1984. 

[8] G. Faltings, Some theorems about formal functions, Publ. of R.I. M.S. Kyoto 16, pp. 721-737, 
1980. 

[9] J.E. Goodman, Affine open subsets of algebraic varieties and ample divisors, Ann. of Math. 

89, pp. 160-183, 1969. 

[10] A. Grothendieck, Cohomologie locale des faisceaux coherents et theoremes de Lefschetz locaux 
ct globaux (SGA 2), Seminaire de Geometrie Algebrique du Bois Marie, 1962. 

[11] A. Grothendieck, Local Cohomology, Lecture Notes in Mathematics 41, Springer, 1967. 

[12] R,. Hartshorne, Complete intersection and connectedness, American J. of Math. 84, pp. 497- 
508, 1962. 

[13] R. Hartshorne, AJgebraic Geometry, Graduate Texts in Mathematics, Springer, 1977. 
[14] R. Hartshorne, Cohomological dimension of algebraic varieties, Ann. of Math. 88, pp. 403-450, 
1968. 

[15] R. Hartshorne, Ample Subvarieties of Algebraic Varieties, Lecture Notes in Mathematics 156, 
Springer- Verlag, 1970. 

[16] M. Hochster, C. Huneke, Indecomposable canonical modules and connectedness, Contempo- 
rary Mathematics 159, pp.197-208, 1994. 

[17] C. Huneke, A. Taylor, Lectures on Local Cohomology, Notes for student of the University of 
Chicago, 2004. 

[18] M. Kalkbrener, B. Sturmfels, Initial Complex of Prime Ideals, Advanced in Mathematics 116, 
pp. 365-376, 1995. 

[19] H. Kredel, V. Weispfenning, Computing dimension and indipendent sets for polynomial ideals, 

Journal Symbolic Computation, 1988. 
[20] M. Kreuzer, L. Robbiano, Computational Commutative Algebra 2, Springer, 2005. 
[21] G. Lyubeznik, On the Local Cohomology Modules H l a (R) for Ideals a generated by Monomials 

in an R-scquence, Lecture Notes in Mathematics, Springer, 1092, 1983. 
[22] H. Matsumura, Commutative ring theory, Cambridge studies in advanced mathematics, 1980. 
[23] J.H. Sampson, G. Washnitzer, A Kiinnet formula for coherent algebraic sheaves, Illinois J. 

Math. 3, pp. 389-402, 1959. 
[24] P. Schenzel, On formal local cohomology and connectedness, Journal of Algebra 315, n.2, pp. 

894-923, 2007. 

[25] B. Sturmfels, Grobner Bases and Convex Polytopes, University Lecture Series vol. 8, Ameri- 
can Mathematical Society, 1995. 



Matteo Varbaro 



17 



[26] N. Terai, Eiscnbud-Goto inequality for Stanlcy-Rcisncr rings, Geometric and Combinatorial 
aspects of Commutative Algebra 217, 2001. 

Dipartimento di Matematica, Universita di Genova, Via Dodecaneso 35, 1-16146 Ge- 
nova, Italy 

E-mail address: varbaroadima.unige.it 



